We study soliton solutions in 1+1 dimensional gauged sigma models, obtained by dimensional reduction from its 2+1 dimensional counterparts.
I. INTRODUCTION
of the global SU(N + 1) is completely gauged.
The 1+1 dimensional sigma models have many properties in common with the 3+1 dimensional Yang-Mills-Higgs(YMH) theory. One such remarkable feature is that a class of 1 + 1 dimensional sigma models admit Q-kinks [11, 12] with similar properties to those of the BPS dyons of YMH theory [13] . These 1+1 dimensional sigma models are obtained by dimensional reduction from their 2+1 dimensional counterparts. It is reasonable at this point to study dimensionally reduced version of the 2 + 1 dimensional gauged sigma models.
The purpose of this paper is to study soliton solutions in 1+1 dimensional gauged sigma models obtained by dimensional reduction from 2+1 dimensions. In particular, we consider dimensionally reduced version of two different 2+1 dimensional models with pure CS dynamics, (i) the completely gauged sigma model [1] and (ii) the U(1) gauged sigma model [5] . We find that the Bogomol'nyi bound [14] for both of these models are of BPS type, namely, the lower bound on the energy is expressed as a linear combination of the topological charge and the Noether charge. Moreover, the scale invariant soliton solutions, describing purely magnetic vortices, of the 2+1 dimensional completely gauged sigma model, appear as solitons solutions with nonzero Noether charge and a definite scale, in the corresponding 1+1 dimensional theory. This resembles the way BPS dyons in 3+1 dimensions can be obtained from four dimensional Eucledian self-dual YangMills theory. Such an analog already exists in the framework of certain 1+1 dimensional sigma models admitting Q-kinks [11] which are necessarily time dependent solutions.
However, in our case the similarity is between static solitons of the completely gauged model and 3+1 dimensional dyons. Recently, it has been shown that the dimensionally reduced version of self-dual U(1) CS Higgs theory also shares similar properties [15] .
Unfortunately, the soliton solutions of 2+1 dimensional U(1) CS Higgs theory are not scale invariant. Thus, the completely gauged sigma model studied in this paper have more similarities with BPS dyons than any other existing models. We find all the static, exact soliton solutions of the completely gauged sigma model saturating the Bogomol'nyi bound. We are able to obtain only a class of exact soliton solutions for the U(1) gauged sigma model. The soliton solutions of both of these models are domain walls, interpolating between different symmetric and asymmetric vacua.
The plan of this paper is the following. First, we introduce and study the 1+1 dimensional completely gauged sigma model in Sec. II. In particular, we describe the dimensional reduction procedure and obtain the 1+1 dimensional model from the 2+1 dimensional completely gauged sigma model. We obtain the Bogomol'nyi bound of this model and present all static, exact solutions of the Bogomol'nyi equations. In Sec. III, we discuss the U(1) gauged sigma model and obtain a set of exact, static soliton solutions saturating the Bogomol'nyi bound. Finally, we give a summary of the results obtained in this paper and discuss on possible directions to be explored in Sec. IV. In appendix A, we present some more exact soliton solutions saturating the Bogomol'nyi bound for the U(1) gauged sigma model.
II. O(3) GAUGED SIGMA MODEL
The self-dual completely gauged sigma model in 2+1 dimensions is given by [1] ,
The real scalar field χ has three components and is constrained to lie on a unit sphere in the internal space, i.e., χ a χ a = 1. The covariant derivative and the field strengths F a 01
are defined as,
The self-dual equations of (1) are,
The self-dual soliton solutions of (1) are characterized by the energy E = 4πq 0 , where the topological charge q 0 is defined as,
Here, k µ is the gauge invariant topological current and F µν is the U(1) invariant field strength. The conservation of the topological current automatically implies the Bianchi identity for F µν . Note that the electric field F 01 vanishes for the self-dual field configurations, since the Gauss law implies F a µν χ a = 0. However, the magnetic field is nonzero and it describes Liouville vortex. These self-dual field configurations are of zero Noether charge. As a consequence, the spatial components of the gauge fields are pure gauges and the second equation of (4) can be exactly mapped into the corresponding equation
of the usual sigma model. Thus, the solitons are scale invariant.
We now dimensionally reduce the model (1) to 1+1 dimensions. We take all the field variables to be independent of the second coordinate and identify the second component of the gauge field with a triplet M a , A a 2 = M a . Following the standard procedure, we have the 1 + 1 dimensional completely gauged sigma model,
Note the appearance of an interaction term. The vacuum is characterized by those field configurations, for which the norm of the triplet M is exactly equal to the square of its own projection along χ.
The equations of motion of (5) are,
where a prime denotes differentiation with respect to the space coordinate. Note that
We now define two conserved charges Y 1 and Z 1 ,
These two charges, Y 1 and Z 1 , can be identified as topological and Noether charges respectively. The reason for such an identification is the following. The momentum along the compactified direction, P y , is a conserved quantity in the 2 + 1 dimensional theory, because of the translational invariance. This quantity remains conserved in the corresponding 1 + 1 dimensional model also. Using the Gauss law, we find,
Thus, Y 1 can be identified as the topological charge. In order to identify Z 1 as the Noether charge, recall that we are dealing with pure CS dynamics. Consequently, the topological current k µ , as defined in the second equation of (4), can be identified as the U(1) current in the asymmetric phase of the 2 + 1 dimensional theory. This U(1) charge remains conserved in the corresponding 1 + 1 dimensional theory also. In particular, the topological charge k 0 ( or equivalently the U(1) Noether charge ) reduces to the following expression after the dimensional reduction,
Thus, Z 1 is identified as the Noether charge.
The energy functional can be written as,
The lower bound on the energy functional is saturated for the solutions of the following first order equations,
These two first order equations are consistent with the second order field equations. The gauge potential A a 0 is determined in terms of χ a and M a from the first equation of (6) and (11) respectively as,
Using the Gauss law and the first Bogomol'nyi equation of (11), we have,
Multiplying the second equation of (11) and Eq. (13), respectively by M a , we find,
We have made the following rescaling of the field variables,
while deriving the equation (14) . Note that all the field variables as well as the space coordinate are now dimensionless quantity.
We now discuss the solutions of (14) for β = : Note that,
, where b is the integration constant. Using the relation (16) in the first equation of (14), M a M a can be determined completely,
where x 0 is an integration constant. The finite energy field configurations demand that
where a subscript 'plus' or 'minus' denotes the value of the quantity inside the bracket at x = ∞ or x = −∞, respectively. We will follow this notation throughout this paper.
The topological charge, the Noether charge and the energy are,
Note that Y 1 = E cos β and
, very much like dyons in YMH theory. Also, note that Y 1 , Z 1 and E are dependent on the integration constant b through δ. For any value of β, one can make all these quantity to be zero by fixing b to take its minimum allowed value, i. e., b = − cot 2 β, or equivalently δ = 0.
This describes trivial vacuum solution. Finite energy nontrivial soliton solutions exist for δ > 0.
We now choose consistently A a 1 to be zero. This implies that χ a and M a are not independent,
where η a 0 are three independent constants. Plugging back this expression into the second Bogomol'nyi equation and making use of Eq. (17), we determine χ a ,
The constants η a 0 and θ a satisfy the following relations in order to maintain the unit norm of χ a ,
One particular choice of θ and η 0 satisfying the relation (22) is θ = (0, 0, 1) and : We now discuss the special case β = (2m+1)π 2
. All the components of
Using this expression, we find,
where η a are three different integration constants having the properties,
These properties of η a and ξ a are necessary in order to maintain the unit norm of χ a .
Now note that M a χ a goes to ∓p at x = +∞, while it is ±1 at x = −∞. Thus, Z 1 = ∓2pe
and Y 1 = 0. This is the zero topological charge sector. The purely topological sector is given by β = mπ. In this case, the role of χ a gets exchanged with M a .
III. U (1) GAUGED SIGMA MODEL
The self-dual U(1) gauged sigma model with pure CS dynamics in 2+1 dimensions is given by [5] ,
where φ is a three component real scalar field, φ =n 1 φ 1 +n 2 φ 2 +n 3 φ 3 , with unit norm in the internal space. The covariant derivative is defined as,
and the field strength We now obtain the 1+1 dimensional model corresponding to (26) , following the same procedure as in the case of the completely gauged sigma model, with the identification
The potential in (28) The equations of motion which follow from Eq. (28) are,
The current J µ = φ × D µ φ and the U(1) current is given by j µ = − J µ .n 3 . The Noether charge q is determined in terms of the asymptotic behaviour of N from (29) as,
Note that the nonzero Noether charge sectors are characterized by, N + = N − .
We define two different conserved charges as follows,
We identify Y 2 and Z 2 as topological and Noether charge , respectively. To see this, note that the momentum along the compactified dimension, P y = dxD 0 φ.D 2 φ, can be expressed in terms of the asymptotic values of N with the help of Gauss law. In
We rewrite Y 2 in terms of the asymptotic values of the field variables,
Notice that Z 2 = v∓1 κ q, in case, φ 3 interpolates from any one of the symmetric vacua to the asymmetric vacuum. This is also true when φ 3 interpolates between the same symmetric phase. However, Z 2 receives an extra contribution,
interpolates between the different symmetric phases. In a broad sense, Z 2 can thus be regarded as the Noether charge.
The energy functional corresponding to (28) is,
The term κ 0 NF 01 do not contribute to the energy functional, since it is first order in space-time derivative. Let us now introduce two orthogonal vectors A and B as follows,
These two vectors have the following properties,
Using Eqs. (35) and Eqs. (36), the energy functional (34) can be conveniently rewritten as,
where are P and Q are defined as,
Note that the lower bound on the energy functional (37) The Bogomol'nyi bound is saturated, when the following first order equations hold true,
These two first order equations are of course consistent with the field equations (29) and (30). With the help of the first equation of (39), the Gauss law can be conveniently rewritten as,
Using the stereographic projection,
the second equation of (39) is transformed as,
The gauge potential A 1 is determined in terms of the argument of u,
and, hence can be consistently chosen as zero. We get the decoupled second order equation in terms of ρ = | u | 2 after combining Eq. (40) with (42),
We have scaled x as x → κ √ 8
x in the above equation. Eq. (43) is precisely the one dimensional version of the decoupled equation obtained in the 2+1 dimensional U (1) self-dual gauged sigma model (26). However, no exact solutions is known in the 2+1 dimensional case. Eq. (43) can be written as a first order nonlinear equation,
where a = a 0 − 2v, b = 2(a 0 − v − 1) and a 0 is the integration constant. Note that Eq.
(44) with the upper sign can be related to the same equation with the lower sign, by changing x → −x. Hence, we will consider the lower sign only now onwards. Once ρ is known from Eq. (44), N can be determined as,
We present some exact solutions of (44) below.
No exact solution of (44) is known for arbitrary a 0 and v. We first try the simplest case δ 0 = 4aa 0 − b 2 = 0. The constants are determined as, a 0 = 1 2
The problem now is to find the solution of the algebraic equation, and their reciprocals. This is because Eq. (46) is at most quartic in ρ for these values of γ. It may be possible to solve (46) for other values of γ also. However, there is no general procedure for finding roots of fifth or higher order polynomial equations and we do not discuss such cases here. Now note that for a fixed γ, v is completely determined. In fact, for each value of γ, v has two different values,
These two values of v are reciprocal to each other. Consequently, for a fixed value of γ, once we know a solution at a particular v, we also know the solution at
We now present some exact soliton solutions and their asymptotic behaviour for different values of γ,
, we have the following two solutions in terms of the variable X = √ a(x−x 0 ),
where ρ 1 (ρ 2 ) denotes the solution with the upper(lower) sign. The field variable N is not nonsingular all over the real line for ρ 2 and, hence is not a finite energy solutions.
On the other hand, ρ 1 vanishes at x = ∞ and diverges at x = −∞. This implies that φ 3 interpolates from −1 to 1. The asymptotics of N for this solution is,
This solution ρ 2 is valid for both v = 1 3 and v = 3.
(ii) We have the following solutions for γ = 2,
This solution is valid for both v = − 
(iii) For γ = 
As x → ∞, ρ → 3 2
and ρ diverges as x → −∞. This is the solution interpolating between the symmetric and the asymmetric vacuum. In particular, φ 3 interpolates from −1 at
at x = ∞. The behaviour of N corresponding to this solution is,
We find exact solutions for (a) γ =
and (e) γ = 3 4 , v = 7. All of these solutions interpolate from −1 to 1 and we present some of these solutions in Appendix A. The solutions for other values of γ and v are not physical in the sense that either they are of infinite energy or they become imaginary over certain region of space.
Let us now consider the case δ 0 = 0. The problem again is to solve an algebraic equation similar to (46), but more complicated. We are able to solve this equation only for v = 0. For this choice of v, a = a 0 and b = 2(a 0 − 1). We have the following expression for ρ with a 0 > 0,
φ 3 goes to −1 at both the spatial infinities for the solution (54). However, N is not well behaved all over the space for ρ 2 . We discard this solution. The asymptotic behaviour of N corresponding to ρ 1 is given by,
Note that the energy is expressed in terms of the topological and the Noether charge
, for all of these solutions. This is exactly like the energy bound in BPS dyons. These solitons are domain walls in nature, interpolating between different symmetric and asymmetric vacua.
IV. SUMMARY AND DISCUSSIONS
In conclusion, we have studied soliton solutions in certain 1+1 dimensional gauged sigma models. These models are obtained by dimensionally reducing 2+1 dimensional self-dual gauged sigma models with pure CS dynamics. We have found a remarkable similarity between these 1 + 1 dimensional models and the 3 + 1 dimensional YMH theory. In particular, the Bogomol'nyi bound is expressed in terms of the topological and the Noether charge in a similar way to that of the BPS dyons. Recently, it has been shown that the static solitons of dimensionally reduced self-dual U(1) CS Higgs theory also share similar properties with the BPS dyons [15] . However, the soliton solutions of the self-dual CS theory in 2+1 dimensions are not scale invariant.
Thus, the soliton solutions of completely gauged sigma models studied in this paper have more similarities with the BPS dyons than any other existing models. The models considered in this paper have no kinetic energy term corresponding to the gauge fields and the gauge field equations appear as constraints. This is because they are dimensionally reduced version of 2 + 1 dimensional models with pure CS dynamics.
In this regard, one might also consider the dimensionally reduced version of the 2 + 1 dimensional completely gauged sigma model with both Yang-Mills as well as CS dynamics [2] . The resulting Lagrangian would have not only the gauge field kinetic energy term, but also a kinetic energy term for the triplet M in terms of its covariant derivative and certain interaction term dictated by the 2 + 1 dimensional anomalous magnetic moment interaction term. We expect that all the results obtained in this paper will go through in a straightforward way for this case also.
It is known that gauged sigma models can be viewed as a low energy effective action of certain gauged linear sigma models [3] . These linear models are useful in studying different kinds of 2 + 1 dimensional soliton solutions in an unified manner. However, in general, it is difficult to analyze the Bogomol'nyi equations arising out of these linear sigma models in detail. The study of 1+1 dimensional version of these models, which are expected to be the gauged linear sigma models corresponding to the models studied in this paper, may shed some light on the 2+1 dimensional problem. Similar considerations also apply for the gauged CP N models.
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APPENDIX A: SOME MORE EXACT SOLUTIONS
In this appendix, we present some more exact solutions of Eq. (46) for different values of γ and v. For all of these solutions, φ 3 interpolate between −1 and +1. Also, the energy is expressed in terms of the topological and Noether charge as, E = (Y 
(b) γ = 3, v = −2:
